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Abstract. The regular language (a+b)*a (the words in alphabet {a, b}
having a as the last letter) is at the moment a classical example of
a language not recognizable by a one-way quantum finite automaton
(QFA). Up to now, there have been introduced many di erent models of
QFAs, with increasing capabilities, but none of them can cope with this
language.

We introduce a new, quite simple modification of the QFA model (actu-
ally even a deterministic reversible FA model) which is able to recognize
this language. We also completely characterise the set of languages rec-
ognizable by the new model FAs, by finding a “forbidden construction”
whose presence or absence in the minimal deterministic (not necessarily
reversible) finite automaton of the language decides the recognizability.
Thus, the new model still cannot recognize the whole set of regular lan-
guages, however it enhances the understanding of what can be done in a
finite-state real-time quantum process.

1 Introduction

Finite automata (FA) models constitute an important theoretical paradigm for
exploring what can be done algorithmically in praxis. After all, no computer has,
or — at least in foreseeable future — will have any really infinite resource.

The classical FA models — e.g. deterministic (DFA) or probabilistic (PFA)
finite automata — essentially rely on classical physics, particularly on Newtonian
mechanics. With the advance of quantum mechanics as the theory describing best
the laws governing our physical world on the very basic level, it became natural to
investigate what capabilities would have the counterparts of the classical models
governed by quantum rules.

First studies on quantum finite automata (QFA) appeared in 1997. From
the very start the research did not concentrate on one model, instead new QFA
models were introduced regularly. The main reason for such diversity was that
the simplest, most “natural” model by Moore and Crutchfield [9], the so-called
measure-once one-way read-only QFA (MO-QFA) turned out to have very lim-
ited capabilities. These automata work quantumly all the time while reading
input, and only at the end of input a measurement of the quantum state is
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performed to determine the outcome (word accepted or rejected). They can rec-
ognize only the so-called group languages [4] which is a rather restricted subset
of the set of regular languages recognizable by DFAs.

There are QFA models that can recognize all regular languages: Kondacs and
Watrous model of two-way QFA [8], Ciamarra’s model of one-way read-write
QFA [5], Bertoni, Mereghetti and Palano’s model of QFA with control language
[3], and other. However, these models have been granted such capabilities (two-
wayness, ability to modify tape, a regular language controlling the acceptance)
which usually are not attributed to the basic finite automata models (e.g. DFA,
PFA).

Thus researchers tried to invent di Lerkent ways to enhance the capabilities of
one-way read-only QFAs, mostly by enabling the automaton to perform di Lerknt
kinds of classical actions in addition to the quantum state transition. Kondacs
and Watrous [8] introduced the measure-many QFA (MM-QFA) which performs
a restricted measurement at each step determining whether to accept or reject
the input, or to continue reading input. A. Nayak [10] proposed a further gener-
alisation by allowing the QFA to perform several arbitrary measurements with
intermediate unitary transformations at each step. Some other QFA models can
be found in [6], [1].

However, all these one-way QFA models can recognize only a proper subset
of regular languages, and there is a certain class of languages, best characterised
by the presence of a certain forbidden construction in its minimal DFA, which
cannot be recognized by any of these QFAs. The regular language (a+b)™dis a
typically mentioned example of this class.

In this paper we shrink this class by introducing a new QFA model which
can deal with the characteristic forbidden construction on some occasions, par-
ticularly, in the case of language (a + b) .

In our model, the automaton is not limited to seeing only one, the just-
incoming input letter, but can see several earlier received letters as well. That
is, the quantum state transition which the automaton performs at each step
depends on the last k letters received, where k is fixed for any automaton.

In fact, as we show, we do not need any of the advantages given by quantum
mechanics: already a group FA (which is a DFA having only the restrictions of
the quantum mechanics — the reversibility) with the ability to see several letters
can recognize as much as its quantum counterpart.

This new model is by far not the most powerful in itself. It cannot recognize
extensive language classes which other QFA models can. However, any other QFA
model enhanced with this ability to see several input letters should enhance its
power by enabling to deal with languages from the class represented by (a-+b) .

2 Preliminaries

2.1 Notation

An alphabet is a finite set of letters. The set of all finite sequences of letters from
an alphabet X is denoted as = 5and elements of = “dre called words. We denote



the length of a word w by |w|, the empty word having no letters by [Jand the
set of all words of length | by >!. =™ is an abbreviation for the set of non-empty
words >~ ™N>0. The concatenation of words u and v is denoted by uv and a word
w repeated m times by w™.

A subset of > ™s called a language. A language L [—>1"s recognized by an
automaton i[the automaton accepts those and only those words which are in
L. The meaning of ‘accept’ depends on automata model and is discussed later.

2.2 Deterministic Finite Automata

A deterministic finite automaton DFA is a quintuple (Q, Qacc, Go, Z,Y) Where Q
is a finite set of states, Qacc [ is the set of accepting states, qo [CQ is the
initial state, X is a finite input alphabet, and y is a transition function that maps
Qx> toQ.

The computation of a DFA for an input word w = 010,...0y starts in the
initial state and involves |w| steps. At the i-th step the automaton receives a
letter 0; and changes its state from its current state q to y(q,0;). The DFA
accepts w i CThe final state after all |w| steps is in Qacc.

We use Lpra to denote the class of languages recognized by at least one
DFA. It is well known that it is the set of regular languages (see e.g. [12]).

We define an extended transition function y='Q x ==L, Q as follows:

{116 =1 o
vy, wo) = y(y @4, w),0), where w 356 =

If the DFA is in a state g and receives a word w, it changes its state to
y 54, w). Clearly, y ¢, uv) = y~y (4, u), v) for all ¢ CQ and all u,v =1

We will use a standard state transition diagram notation. ‘+’ or ‘-’ within
a circle denotes accordingly an accepting or non-accepting state. * [C_paints to
the initial state and ‘B’ expresses that two states are distinct.

The DFA having the minimal number of states among all DFA recognizing a
language L, is called the minimal DFA of L. It is well known that in the minimal
DFA all states are reachable and distinguishable (in the sense that, for any two
states g, q"'there is a word w such that one of the states y (¢, w) and y~¢5'w)
is accepting, while the other is non-accepting).

2.3 Quantum Finite Automata

We will use essentially the Moore and Crutchfield’s definition of a quantum finite
automaton (QFA) [9].

A QFA is a quintuple (Q, Qacc, [$olL2, 1) where Q = {01,0z,...,0dn} is @
finite set of states which form a basis in the Hilbert space C", Qac [Qlis the
set of accepting states, |Wo[F (01,0, ...,0,)" LT is the initial state superpo-
sition of basis states with the normalization condition [ | Yo (= 3, |ai|> =1,
> is a finite input alphabet, and p is a function that maps >~ to the set of
n-dimensional unitary transition matrices. We denote (o) by Ug.



At any moment, the state of a QFA can be described by a normalized column
vector W= (B1, B2, ...,Bn)" O called superposition of basis states, B; being
the component corresponding to g;. After reading a letter g, the QFA changes
its state to Ug|W ]

After receiving the whole input word w = 0,05 ...0j, the QFA is in a final
superposition |ys (&= Uy, . .. Ug, Ug, [Wo [Let us denote |ys (3= (BT, BY,.... B0
The acceptance of a word is decided by a measurement according to basis states:
for each i, the basis state g; is obtained as the result of the measurement with
probability p; = |[3if|2. The word is accepted with probability p = Zi:q,; ras.. Pi-
A language L is said to be recognized by a QFA with bounded error (p1;p2) i1
p1 < p2 and the QFA accepts any word from L with probability at least p,, and
accepts any word not from L with probability at most p;.

We denote by Loga the class of languages recognized by QFA.

2.4 Group Finite Automata

A group finite automaton (GFA) is a DFA for which all functions ys(q) = y(q, o)
are bijections from Q to Q (see e.g. [4]). Lecea denotes the corresponding lan-
guage class (of group languages).

For each o 3 let us consider the matrix Ug containing 1 in i-th position
of j-th column i [i(qj, 0) = g;; the rest being filled with 0. If we represent each
state g; by a column vector |g; (Z= (0,...,0,1,0,...,0)" where the unique 1 is in
the i-th position, we get that |93 Ug|qCiCYq, o) = q~ Since y, is a bijection,
Us has exactly one 1 in each column and exactly one 1 in each row, therefore
Us is a permutation matrix, thus also a unitary matrix. Hence it is easy to see
that GFA are essentially the intersection of DFA and QFA.

Yo being a bijection implies also each transition of GFA being reversible:
from the resulting state q~and the input letter o one can determine the state
before receiving the letter.

Group languages can be described by means of forbidden constructions in
their minimal DFA (see [2] for similar results for a slightly di[erent reversible
FA model). Let us say that a DFA contains an A-construction i1t has two
distinct states q; and g, leading by some word X to the same state gz (the
latter can coincide with either gy, or gz), and a B-construction i[Cit has two
such distinct states g4 and gs and there exists such word y that y“(ds,y) = gs
and y"(ds,y) = g5 (see Fig.1). It can be proved that both constructions are
equivalent, and the minimal DFA contains an A-construction i[Cit contains a
B-construction i Cthe regular language is not in Lora = Lgea.

= & @©——@

Fig. 1. Forbidden constructions (A and B) for group languages.



3 Multi-letter Automata

For the automata models defined above state changes depend only on the present
state and the input letter. We now consider a model of deterministic, quantum
and group finite automata which sees several earlier received letters as well. It
is essentially a special case of one-way multi-head DFA [7].

3.1 Multi-letter DFA and GFA

Definition 1. A k-letter deterministic finite automaton (DFA) is defined by a
quintuple (Q, Qacc, qo, =, YY), where Q is a finite set of states, Qacc [Qlis the
set of accepting states, qo [CQ is the initial state, > is a finite input alphabet,
and yUis a transition function that maps Q < TX to Q, where T = {A} [ =1 and
letter A 31 denotes an empty input letter.

The computation of a DFA, starts in the initial state qo. After receiving
a letter, a state transition corresponding to the current state and the last k
received letters is applied. If so far only m < k letters are received, the missing
letters are replaced with A and a corresponding transition applied. When the
last letter of the input word is received, the last transition is applied and the
computation stops. The input word is accepted by the DFA i [Cthe computation
stops in a state that belongs to Qgcc.

We might say that the DFAk has a tape which contains the letter A in its
first k — 1 positions followed by the input word. The automaton has k reading
heads which initially are on the first k positions of the tape. During one compu-
tation step each head reads one letter from the tape, the automaton makes the
transition corresponding to the word they have read and then all heads move
one position forward.

Definition 2. A DFA is called a k-letter group finite automaton (GFAk) i1
for any word w [CTK the function y;(q) = y'g, w) is a bijection from Q to Q.

We use Lpgea, as a notation for the class of languages recognized by at
least one k-letter deterministic finite automaton, and Lpra, = UE"Zl Loea,-
Similarly we use the notation Lgga, and Lgga, -

Since for DFA; and GFA; state transitions depend only on the last received
letter, they are equal accordingly to DFA and GFA. Thus, Lpra [Lhea, and
Lera [LEFA,.

It is easy to show that one can simulate DFAK with a DFA encoding the
k — 1 earlier received letters in its states. However, this transformation does
not preserve reversibility, hence is not applicable to the group FA case. Thus
LGFA* EI}FA* = Lpra. We will show later that Lera EQ;FA* LLbEAa.

3.2 Multi-letter QFA

The same principles of state transitions corresponding to last k received letters
can be applied for quantum finite automata.



Definition 3. A k-letter quantum finite automaton (QFAy) is defined by a
quintuple (Q, Qacc, |WoLE, uY where Q is a set of states, Qacc [Qlis the set of
accepting states, |Wo il the initial state superposition obeying normalization con-
dition, X is a finite input alphabet, and p"is a function that assigns an unitary
transition matrix Uy, on C" for each word w C(IA} =K.

The computation of a QFAx works in the same way as the computation of a
QFA, except that it applies unitary transformations corresponding not only to
the last letter received, but the last k letters received (like a DFAY).

We will use Lora, as notation for the class of languages recognized by at
least one k-letter quantum finite automaton with bounded error, and Lora, =
Ure; Lora, . With a slight modification of the proof for Proposition 6 in [8] we
obtain that all languages in Lo, are regular.

GFAk can be considered as a special case of QFA, because, since the func-
tion y5(q) = y'q, w) is bijection, a state transition corresponding to any word
is a unitary transformation. Therefore any language recognized by a GFA is
recognized by a QFAy as well.

4 Capabilities

Our multi-letter QFA and GFA can recognize the language (a + b)Y not recog-
nized by any standard QFA. E.g., consider the following QFA, / GFA, (Fig. 2):

(G S

10 01
Uaa = 01 and Una = Upa = Uap = 10/

Abéfb’o ab, Aaba

aa,
a@‘%@a Ab,bb

Fig. 2. The GFA: recognizing the language (a + b)*a.

Still there are languages not recognized by any QFAk. We will describe these
languages by forbidden constructions in their minimal DFA.

Definition 4. A DFA contains a Cg-construction i [there are states g, (2, g3,
04,95 and a word w = 010, ...0k of length k such that g, 8 gs, Y(02,0k) =
y(0s,0k) =03, Y1, 01...0k—1) =02 and y (44, 01 ... 0k—1) = g5 (see Fig. 3).

Definition 5. A Cy-construction where exists an m > 0 such that y (4, wm™™1)
= Q4, Where g3, g4 and w have the same meaning as in Def. 4, we call a Dg-
construction.
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Fig. 3. Ck-construction.

Lemma 1. A Ck-construction implies a Dg-construction.

Proof. Suppose we have a Cy-construction. If there is an m~> 0 such that
y s, w™') = qg, then for qf' = ys, w™ ) and ¢f'= y @ 01... 0k1) we
have y (g5, 0k) = gz, and the lemma holds since q5'8 g, or g5’ gs (or both).

If there is no such an m&since Q is finite, there is an i = 2 and an m™=> 0 such
that vy, w) = vy, wit™”) and vy, wi™h) 8 vy, wit™ 1), Hence,
there is a j [J1;K] such that states ¢i’ = y“(s,w'~t0;...05—1) and ¢'=
y ", W™ 10, ... gj_y1) are distinct, but y(¢5V0;) = y@T 05) = ¢i¥ Let "=
vy, w201 ...05), 9= v, W™ 20, ... 05), wP= 0j41...0k01 ... 0j.
m™ the word w™and the states q%'q5q5Y i gTform a Dy-construction. 1

4.1 Simulation of DFA by QFAg

At first we will show that, if the minimal DFA of a language L contains at least
one Cg-construction, there is no QFAx with bounded error that recognizes L.
Because of Lemma 1 we will use Dg-constructions instead of Cy-construction.
We use the following lemma, which is slightly modified Theorem 6 in [9]:

Lemma 2. Let us consider quantum system with basis states |q1]g201 .., [gn ]
arbitrary subset of these states Qacc and function p : C" - [0;1] that for any
superposition of the basis states gives the probability that after the measurement
according to the basis states, any state from Qg is obtained. For any superposi-
tion of basis states |y [ Jany three unitary transformation X,Y,Z on the system
and any & > 0 there is an h > 0 such that |p(ZX|pDl— p(ZY "X|pD) < 3.

Theorem 1. If the minimal DFA of a language L contains a Dy-construction,
then there is no QFAk recognizing L with bounded error.

Proof. Suppose we have a Dy-construction: since g, £ gs, there is a word v 1™
such that y 52, v) [TQacc i s, V) FQacc. Due to the symmetry we assume
vy 542, v) [CQacc. Since we consider minimal DFA, where each state is reachable,
there is a word u™ 3 ~$uch that y"(¢o,uy = g1 (see Fig.4). Let us denote
u'd1...0k—1 by uand (0k01 ...0k—1)™ by s = 0565... 0] where | =k - m. The
last k — 1 letters of both u and s are 6{2, 5,02 k43, -+, 0%

Among the input words t; = us'v for all i = 0 only t; is in the language L
recognized by the DFA. Suppose the contrary: there is a QFAk which recognizes
L with bounded error (p1; p2).
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Fig. 4. Dk construction.

For all i after receiving the initial fragment u of the word t;, the QFAk has
applied |u| unitary transformations X1, Xz, ..., Xy and it is in the superposi-
tion X|[YoLdwhere X = Xy ... X2Xy, and the last k — 1 letters received are

If the last k — 1 letters received by the QFAk are 02, ,,...,0/and it is in
some superposition |@ [ then after receiving the word s = of..0[-always the same
I unitary transformations Y1, Yo, ..., Y| are applied. After these transformations
the QFA is in the superposition Y | [ where Y =Y,...Y2Y1, and the last k—1
letters received still are o2, ,,,...,0}"

For all i, when the QFAk has received the whole input word t; except its
last fragment v, the last k — 1 letters received are o2, ...,0/’and it is in the
superposition Y "X |y [When the QFA receives the last fragment, it applies |v|
unitary transformations Z;, Z5, ..., Zy and the final superposition is ZY X |wold
where Z = Z|v| RV EYER

By Lemma 2 we get that [h1> 0 (|p(ZX|L|JOIII— p(ZY PX|poD) < p2 — pl).
Thus, to COi ), IO Contradiction. —

4.2 Prefix Extension Method

We provide a method we will call prefix extension method which for any DFA
and any k creates a DFA, which recognizes the same language as the DFA.

For the created DFA we use the same set of states (Q), the same accepting
states (Qacc), the same initial state (qo) and the same alphabet (%) as the DFA.
A creation of the function y"consists of three steps:

1. If there is a transition y(gz, 0) = g3 in the DFA, then in the created DFAk
we add transition yXq,, wo) = qs for all words w [CTX~! which satisfies
DI = AV T, v) = g2),

2. If there is a transition y(g2,0) = gz in the DFA, then in the created DFA
we add transition yXq,, wo) = gz for all words w [CTX~! which satisfies
[qd CQ(Y "1, W) = 02),

3. Clearly, there is no pair (q5w5 [Q x T* such that the function y®maps
(@5'wY to more than one state, but still there may be a pair (or pairs)
(@™wT Qx T* such that y¥q™wT is yet undefined. We can choose any
state as the value of y{q™w™ because after receiving a letter there cannot
be a situation when the DFA is in the state q"™and the last k letters received
form the word w™



In other words: if there is a transition in the DFA from a state g, to a state
g3 by a letter g, then what we do is adding in front of o all words of length k —1
which could occur as the earlier k — 1 letters before this transition in this DFA.

An example how a DFA is created from a minimal DFA which recognizes
the language a(a + b) @ is given in Fig.5 (unimportant transitions made during
the step 3 are not displayed).

Aab,abb,bbbo bab,aab

b b a a8
SO S =t
7@\9\6‘? 2 % ﬁ@\&b‘ {)Ababaa,bba,zea.aba

b
QAbb,bab,bbb,aab,abb

Fig. 5. The DFAk created from a DFA recognizing a(a + b)*a.

Proposition 1. A DFAk created from a DFA by the prefix extension method
recognizes the same language as the DFA.

Proof. Let u = 0,05...0y be an input word and let g1, g2, ..., q; be a sequence of
states such that y(gi, 0i+1) = Qi+1. Thus, u is accepted by the DFA i[Cq] [Qlacc.
For all i []0,k — 1], since y"({o,01...0;) = qi, by the step 1 of the method
we get y¥gi, AK"""10;1...0i0i+1) = Qix1. But for all i [k — 1,1 — 1], since
Y *lli—k+1, Oi—k+2 ... 0i) = Qi, by the step 2 we get yXqi, Oi—k+2...0i0i+1) =
gi+1. Thus, both the DFA and the DFA accepts the same words. —

During a creation of a DFA, if after the first two steps there is no such
distinct states g»,0s [Q and a word w = 01,05 ...0x [1¥ that y{g.,w) =
ygs, w) (i.e., so far the function y{q) is injection for all words v), then during
the step 3 we can choose such values of the function y~for arguments where it is
still undefined that the created DFA\ is a GFAk (the function y. {q) is bijection
for all words v). For example, we can consider the DFA3 in Fig.5 as a GFAs3.

But if there is such w and g, gs, then due to the determinism the values
of yHa., w) and y*gs, w) cannot be defined during the step 1. So they are de-
fined exactly during the step 2. Thus, there are states q;,0s, s [Q such that
y(02,0k) = Y(Us, Ok) = 03, Y 41,01...0k—1) = 02 and y 84,01 ... Ok—1) = Q5.
Hence there is a C-construction and:

Theorem 2. For any k, if a DFA does not contain any Ck-construction, then
by the prefix extension method from the DFA we can create a GFAg, which
recognizes the same language as the DFA.

Since any GFAk is a QFAk as well, from Theorems 1 and 2 we get that the
Ck-construction is indeed forbidden construction:

Corollary 1. A language L is in Lora, i[ihe minimal DFA of L contains no
C-construction.



4.3 Forbidden Constructions for Lora,

For any k the Cg-construction decides whether the language recognized by a
DFA is in Loga,. In order to show that a language L is not recognized by any
multi-letter quantum finite automata we have to show that for any k there is a
Ck-construction in the minimal DFA of L. In this section we provide two simple
constructions that decides whether the language is in Loga, -

Let us denote the number of states in a DFA by n.

Definition 6. A DFA contains an E-construction i Cthere are non-empty words

x,y 31" and states ge, 7, gs [Q such that gs € g7, Y6, ¥) = Y7, y) = 08,
y "6, x) = g6 and y (47, x) = a7

X
&= e

Fig. 6. E-construction and F-construction.

Definition 7. A DFA contains an F-construction i Ctere are non-empty words
t,z 3% and two distinct states qg, q10 [Q such that y g, z) = y"¥10,2) =
010, Y €lo, ) = o and y 410, t) = d1o.

Theorem 3. A DFA contains a Ck-construction for any k i[it contains an
E-construction.

Proof. Suppose for k = n> — n + 1 we have a Cy-construction. g, & gs gives
us Y41,01...0) By, 01...0)) for all | <k — 1. At least two pairs in the
set {(y"@1,01...0i), Y4, 01...0)) | i CJO;k — 1]} are equal since there are
only n? — n pairs of distinct states. Thus, exists an i and a j > i such that
06 = Y41,01...0i) = yb1,01...05) B ys,01...0i) =y, 01...05) =
7. FOr X = Gj+1...0j and y = Gj+1...0k We have y s, y) = Y7, y) = gs,
y e, X) = g6 and y (87, x) = q7.

Suppose we have an E-construction. For any k let us write x®y as 6565, ..o [
>!. Since g6  q7 and y "6, x<y) = y(l7, xXy), exists an i CIR|x| + 1;1] such
that states g, = y s, 07...02;) and g5 = y€47, 0. .. 02;) are distinct, but
(02,00 = y(5,0) = dz. For g1 = y"¥e, 0F...012,), tu = y 7, 07...02,)
we get y (1,012, ... 0i21) = a2 and y b3, 00,41 ... 0121) = Gs. L1

Corollary 2. A language L can be recognized by multi-letter QFA i [the mini-
mal DFA of L does not contain any E-construction.



Lemma 3. For each state ¢ [CQ in a DFA we have y ¢, uv™) = y 5@, uv™v™)
for all words u,v C>1%4nd m = n.

Proof. At least two states among y (8, uv®), y 5, uv?), ...,y 4, uv") are equal,
so exists an i and a j such that 0 <i < j < nand y (4, uv') = y'(4, uv}). Hence
vy 5, uv™) = vy, uv™vIT). Since j — i divides n!, the lemma holds. —1

Theorem 4. An E-construction implies an F-construction.

Proof. Suppose we have an E-construction. Let us denote x™ by t, (yx")" by z,
and z without its last fragment x" by z"' By Lemma 3 for u; = [v; = yx" and
m; = n! we get that y @, (yxM)™) = y s, (yx™)™ (yx™)™), and for u, = zF
v, = x and my = n we get that y s, (yx™™) = y s, (yx")™'x™). So for the
state q10 = y e, (yx™)™) we have y'(4s,z) = q10 = y"h10.2), Y€l 1) = 06
and y "0, t) = q10. Actually, y 7, 2) = q10 and y 47, t) = g7 as well. One of
0s B g10 and g7 B qqo is definitely true, thus, there is an F-construction. 1

Substituting g = o, 97 = J10, s = Ji0, X = t and y = z shows that an
F-construction implies an E-construction. Hence:

Corollary 3. A language L can be recognized by multi-letter QFA iCthe mini-
mal DFA of L does not contain any F-construction.

5 Closure properties

Theorem 5. The class Lora, is closed against language intersection, language
union and language complement.

Proof. Suppose A and B are two minimal DFA recognizing accordingly languages
La and Lg and neither contains an F-construction, but the minimal DFA C of
the language L n Lg contains an F-construction. Easy to prove that any DFA
recognizing La nLg contains an F-construction as well. Let us consider a DFA C™
such that Q% = QA x QB, QS.. = QA x QB,., the initial state is (g4, g§), and
v (@™, qB), 0) = (yA (@™, 0), yB(qB, 0)). Easy to see that C-and C recognize the
same language La n Lg. Thus, there are two words x,y =" and two distinct
states (g, ¢2), (92", 05) Q¢ that form an F-construction for CH' At least of
one of gf* £ g5 and ¢ & qF is true, therefore A or B (or both) contains an F-
construction. Contradiction, which means Lo a, is closed against intersection.
Since for any QFA recognizing a language L substituting Qacc by Q \ Qacc

gives us a QFA recognizing the complement of L, Lora, is also closed against
union. 1

Theorem 6. The class Lora, is not closed against Kleene star.

Proof. In the alphabet {a, b} the minimal DFA of the language a does not contain
any F-construction, but the minimal DFA of the language a™~#oes. 1

Theorem 7. The class Lora, is not closed against concatenation.

Proof. The regular languages (a + b)a and (a + b)“are in Lora,, but the
minimal DFA of the language (a + b)"al(a + b) ~¢ontains an F-construction. [



6 Conclusion

We have shown that for GFA and QFA, contrary to DFA, seeing multiple input
letters cannot be simulated by the one-input-letter model (e.g. by encoding into
states). Thus, seeing several letters really enhance capabilities of GFA and QFA.
Since these enhanced models can deal with the language (a-+b) & not recognized
by any of the up-to-now introduced one-way read-only QFA models, a similar
enhancement for those models should improve also their capabilities.

These results also indicate that our notion of what can be done by a finite-
state real-time read-only quantum automaton is not yet completely clear, and
there could be other enhancements or perhaps modifications of the word accep-
tance or language recognition notions leading to further improvements.
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